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[ Abstract. In this paper we study the super-critical 2D dissipative 

' quasi-geostrophic equation. We obtain some regularization effects al- 

I lowing us to prove global well-posedness result for small initial data 

lying in critical Besov spaces constructed over Lebesgue spaces L^, 
with p G [1, oo]. Local results for arbitrary initial data are also given. 

< 

■ 1. Introduction 

eg ■ 

This paper deals with the Cauchy problem for the two-dimensional dissipative quasi- 
geostrophic equation 



>■ ^nn J dt9 + vV9 + \D\''9 = 

^ ' 1 ^1^=0 = 0', 

0\ ■ 

I where the scalar function 6 represents the potential temperature and a G [0, 2]. The 

velocity v = (f^,f^) is determined by 6 through a stream function ip, namely 

V = {-d2ip,diilj), with \D\ilj = e. 



I Here, the differential operator |D| = y/—A is defined in a standard fashion through 

a • its Fourier transform: J-'{\D\u) = \^\J-'u. The above relations can be rewritten as 

^. : v = {-d2\B\-^9, di\B\-^9) = (-i?2^, RiO), 

> 

^> 

■ First we notice that solutions for (QG„) equation are scaling invariant in the fol- 

^ ' lowing sense: if 6' is a solution and A > then 6\{t,x) = A°~^6'(A"t, Ax) is also a 

solution of (QG„) equation. From the definition of the homogeneous Besov spaces, 

described in next section, one can show that the norm of 6x in the space Bp^r'' , 
with p, r & [l,oo], is quasi- invariant. That is, there exists a pure constant C > 
such that for every A, t > 

c-'\\exm.^.i-. < ll^(A"t)|| < c\\e,{t)\\ z.^. 

rjpf ijp^f ijp^'c 



2000 Mathematics Subject Classification. 76U05, 76B03, 76D,35Q35. 

Key words and phrases. 2D quasi-geostrophic equation; local and global existence; critical Besov 
spaces. 

1 



2 



T. HMIDI AND S. KERAANI 



Besides its intrinsic mathematical importance the (QGq,) equation serves as a 2D 
models arising in geophysical fluid dynamics, for more details about the subject 
see [6l [15] and the references therein. Recently the (QGq,) equation has been inten- 
sively investigated and much attention is carried to the problem of global existence. 
For the sub-critical case (a > 1) the theory seems to be in a satisfactory state. 
Indeed, global existence and uniqueness for arbitrary initial data are established in 
various function spaces (see for example [HI [16]). However in the critical case, that 
is a = 1, Constantin et al. [7] showed the global existence in Sobolev space 
under smallness assumption of the L°°-norm of the initial temperature but the 
uniqueness is proved for initial data in H^. Many other relevant results can be found 
in [01 [ini [S] • The super-critical case a < 1 seems harder to deal with and work on 
this subject has just started to appear. In [2] the global existence and uniqueness 
are established for data in critical Besov space with a small norm. This 
result was improved by N. Ju |12] for small initial data in with s > 2 — a. We 
would like to point out that all these spaces are constructed over Lebesgue space 
and the same problem for general Besov space ^ is not yet well explored and 
few results are obtained in this subject. In [20], Wu proved the global existence and 
uniqueness for small initial data in n L'^ with r > 1 and q g]1, oo[, which is not 
a scaling space. We can also mention the paper [21] in which global well-posedness 
is established for small initial data in ^ ^p,ooi with s > 2 — a and p = 2^ . 
The main goal of the present paper is to study existence and uniqueness problems 
in the super-critical case when initial data belong to inhomogeneous critical Besov 

spaces Bp^^'' , with p G [1, cxdJ. 

Our first main result reads as follows. 

Theorem 1.1. Let « G [0, 1[, p G [1, 00] and s > s^, with = 1 + ^ — a and define 

P \ 5^ 1 n 5^ 1, otherwise. 

Then for 9^ G there exists T > such that the (QG„) equation has a unique 

solution 9 belonging to C([0, T]; A";) n /.^([O, T]; 5^+"). 

In addition, there exists an absolute constant rj > such that if 

then one can take T = +00. 

Remark 1. We observe that in our global existence result we make only a smallness 
assumption of the data in Besov space B]^i which contains the increasing Besov 

chain spaces {Bpy}p(,[i^^]. 
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Remark 2. In the case of s > we have the following lower bound for the local 
time existence. There exists a nonnegative constant C such that 



However in the critical case s = the local time existence is bounded from below by 



where rj is an absolute nonnegative constant. 

The proof relies essentially on some new estimates for transport-diffusion equation 



where the unknown is the scalar function 6. Our second main result reads as follows 



Theorem 1.2. Let s e] - 1,1[, a e [0,1[, (p,r) e [1, +00]^, / e Ll^^; B;^,) 



and V be a divergence free vector field belonging to Lj'Q^(]R+; Lip(M'^)). We consider 
a smooth solution 9 of the transport- diffusion equation (TDq,) , then there exists a 
constant C depending only on s and a such that 



Besides if v = V |D| ^6 then the above estimate is valid for all s > —1. 

We use for the proof a new approach based on Lagrangian coordinates combined 
with paradifferential calculus and a new commutator estimate. This idea has been 
recently used by the first author to treat the two-dimenional Navier-Stokes vortex 
patches [TT] . 

Remark 3. The estimates of Theorem hold true for Besov spaces B^^, with 
m G [1,00]. The proof can be done strictly in the same line as the case m = 1. It 
should be also mentioned that we can derive similar results for inhomogeneous Besov 
spaces. 

Notation: Throughout the paper, C stands for a constant which may be different 
in each occurrence. We shall sometimes use the notation A < B instead oi A < CB 
and Ak, B means that A< B and B < A. 

The rest of this paper is structured as follows. In next section we recall some basic 
results on Littlewood-Paley theory and we give some useful lemmas. Section 3 is 
devoted to the proof of a new commutator estimate while sections 4 and 5 are dealing 
successively with the proofs of Theorem II. 21 and II. II We give in the end of this paper 
an appendix. 




(TD„) 



did + vV9 +\D\^9 = f 
9\t=o = 9^, 
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2. Preliminaries 

In this preparatory section, we provide the definition of some function spaces based 
on the so-called Littlewood-Paley decomposition and we review some important 
lemmas that will be used constantly in the following pages. 

We start with the dyadic decomposition. Let ^9 G C^(]R'^) be supported in the ring 
C:= {^e f < 1^1 < f } and such that 



5^^(2-''0 = l for ^7^0. 



We define also the function xiO = 1 ~ J^qeN^C^ '^0- Now for u E S' we set 

A_iM = x(D)m; Vg G N, A^u = (/7(2"^D)m and V g G Z, AqU = ^(2"''D)m. 
The following low-frequency cut-off will be also used: 

SgU = AjU and SgU = AjU. 

We caution that we shall sometimes use the notation Aq instead of Aq and this will 
be tacitly understood from the context. 

Let us now recall the definition of Besov spaces through dyadic decomposition. 
Let {p,m) G [1, -|-cxd]^ and s G M, then the inhomogeneous space B^ ,^ is the set of 
tempered distribution u such that 

||m||r. „ := (2'''\\Aqu\\Lp) < oo. 



To define the homogeneous Besov spaces we first denote by S' /V the space of tem- 
pered distributions modulo polynomials. Thus we define the space -B^^ as the set 
of distribution u G S'/V such that 

IImII^, ■= (2'^^\\Aqu\\Lp] < oo. 



We point out that if s > then we have B^^^ = B^^^ fl and 



M B» ~ \\u\\bs + \\u\\lp. 



Another characterization of homogeneous Besov spaces that will be needed later is 
given as follows (see pj]). For s g]0, 1[, p, m G [1, oo] 



<C\\u\\^s , 



with the usual modification if m = oo. 

In our next study we require two kinds of coupled space-time Besov spaces. The 
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first one is defined in the following manner: for T > and m > 1, we denote by 
^T^p,m of tempered distribution u satisfying 



{2'^'\\K,u\\l. 



< oo. 



The second mixed space is L^B^ ^^ which is the set of tempered distribution u 
satisfying 



We can define by the same way the spaces L^B^ ,^ and UrpB^ ,^. 

The following embeddings are a direct consequence of Minkowski's inequality. 

Let s G M, r > 1 and (p, m) G [1, cxd]^, then we have 

(2) Ljiil^ ^ ^^^;^™,if m>T and 

U^B^^ ^ U^Bl^/ii r>m. 

Another classical result that will be frequently used here is the so-called Bernstein 
inequalities (see [3] and the references therein): there exists C such that for every 
function u and for every g G Z, we have 

sup II 9" VII < C'^2<?('=+'^(^^i»||VIU''. for 6>a, 

\a\=k 

C-*^2'?'^||A^n||ia < sup ||a"Agn||ia < C"=2«'=||AgM||ia. 

\a\=k 

It is worth pointing out that the above inequalities hold true if we replace the 
derivative 9" by fractional derivative |D|°. According to Bernstein inequalities one 
can show the following embeddings 

i?p„j ^ Bp^^ml , for p < pi and m < mi. 

Now let us we recall the following commutator lemma (see [31 [ID] and the references 
therein). 

Lemma 2.1. Let r G [1, oo], 1 = i + i, pi < 1, p2 < 1 and v be a divergence free 
vector field ofM.'^. Assume in addition that 

Pi + P2 + dmm{l, 2/p} > and pi + d/p > 0. 

Then we have 



5^2^(.-''— )||[A„.. v].||,.,, < ll-IL„^|.JI-IL,^|. 



Moreover we have for s g] — 1, 1[ 
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In addition this estimate holds true for all s > — 1 if v = V"'"|D|~^m. 

The following result describes the action of the semi-group operator e*'°'" on distri- 
butions whose Fourier transform is supported in a ring. 

Proposition 2.2. Let C be a ring and a G IR+. There exists a positive constant C 
such that for any p G [1; +oo], for any couple (t, A) of positive real numbers, we have 

suppJ'M C AC ^ ||e*l°l"M||LP < Ce"^"'*^°||M||LP. 

Proof. We will imitate the same idea of [4j. Let (p G P(]R'^\{0}), radially and whose 
value is identically 1 near the ring C. Then we have 

e*|D|"M = (f){X-^\D\)u = hx*u, 



where 



hxit,x) = -^^ [ </)(A-^Oe-*l^'"e^<^'«>rfe 



We set 

h,{t,x) := X-''h{t,X-'x) = j^J 0(Oe-*'"l«l"e^<^'«>rfe 

Now to prove the proposition it suffices to show that ||/iA(t)||Li ^ Ce~'" For 
this purpose we write with the aid of an integration by parts 

{I + \x\rhxix) = -^J (Id-A,)'^(0(Oe-*^"l«ne^<-«>de. 
From Leibnitz's formula, we have 

(Id- A5)'^(0(Oe-*"°«") = J2 C.^f^d^-^md^e-'^"^". 



l7|<2d 
I3<1 



As is supported in a ring that does not contain some neighbourhood of zero then 
we get for ^ G supp (j) 



< C;3(l + tA")'^le-*""l«l^ V^G 



supp 



Thus we find that 



|-y|<2d 
/3<7 



Since the term of the right-hand side belongs to L (M ), then we deduce that 

{l + \x\'Y\hx{x)\<Ce-''-'''\ 
This completes the proof of the proposition. □ 
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3. Commutator estimate 

The main result of this section is the following estimate that will play a crucial role 
for the proof of Theorem 11.21 

Proposition 3.1. Let f G B^^ with a G [0, 1[ and p G [l,+oo], and let ip be a 
Lipshitz measure-preserving homeomorphism on R'^. Then there exists C := c(a) 
such that 

|||Dr(/o^)-(|Dr/)o^||^^ < Cmax(|l-||VV^-ilt1;|l-||V^||ZM) 

Proof. First we rule out the obvious case a = and let us recall the following formula 
detailed in [S] which tells us that for all a g]0, 2[ 

|Dr/(a;) = C„P. V. / l^^^^il^dy. 
\ \ J \ J J \x- 

Now we claim from ([T]) that if (7 G -Bp 1, with a g]0, 1[, then the above identity holds 
as an equality 

(3) prfix) = cj ip^I^dy, a.e.w. 
and moreover, 

(4) iiiDr/iu.<ii/b.^. 

Indeed, the norm of the integral function satisfies in view of Minkowski inequal- 
ities 



Thus we find that the left integral term is finite almost every where. 
Inasmuch as the flow preserves Lebesgue measure then the formula ([3]) yields 

Applying again ([3]) with / o ■?/;, we obtain 

Thus we get 

|Dr(/ov.)w-(iDi"/)o^w = c„/ /(-AW) - , 
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Taking the norm and using ([T]) we obtain 

(5) iiiD|"(/o^) - (|Dr/)ov.||„ < ii/o^iu..sup|i - 

According to [17] one has the following composition result 

ll/o^b.^ <c,||V^||2oc||/b.^, for aG]0,l[. 
Therefore (15]) becomes 



iDr(/ov;)-(iDr/)o^ll^^ < ciiv^ii2ooii/b.^ X 

\d+a 

sup 1 1 — 

It is plain from mean value Theorem that 



\x - y\ 



(x) 



1 \rf, „,\d+a 



which gives easily the inequality 



This concludes the proof. □ 

4. Proof of Theorem 11.21 

We shall divide our analysis into two cases: r = +oo and r is finite. The first 
case is more easy and simply based upon a maximum principle and a commutator 
estimate. Before we move on let us mention that in what follows we will work with 
the homogeneous Littlewood-Paley operators but we take the same notation of the 
inhomogeneous operators. 

Set 9g := Ag9, then localizing the (QG„) equation through the operator gives 

(6) dtOg + vVeg + |Dre, = -[A„ vV]9 + f, := 7^,. 
According to Proposition 16.21 we have 

(7) II^.WIIl. < ||^^;IUp+ / \\n,{r)\\LvdT. 

Jo 

Multiplying both sides by 2'^'* and summing over q 
This yields in view of Lemma 12.11 
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To achieve the proof in the case of r = oo, it suffices to use GronwaU's inequahty. 

We shall now turn to the proof of the finite case r < oo which is more technical. 
Let if) denote the fiow of the velocity v and set 

9q{t,x) = 9q{t,ilj{t,x)) and IZqit.x) = lZq{t^ip{t^x)). 

Since the fiow preserves Lebesgue measure then we obtain 

(8) <\\[/^q,V - VMl. + \\fq\\LV. 

It is not hard to check that the function 6q satisfies 

(9) dtOq + IDI"^, = \D\^{9q o ^) - (iDr^,) o ^ + := n\. 
From Proposition 13.11 we find that for g G Z 

|||Dr(^,o^)-(|Dr^,)o^|U. < Ce^^W(e^^W-l)||^,(t)b.^ 

(10) < Ce^^W(e^^W-l)2''°||0JUp, 
where V{t) := || Vf H^^iloo. Notice that we have used here the classical estimates 

Putting together ([8]) and (fTOl) yield 

II^JWIIl. < ||/,(t)||L. + \\[Aq,v V]9h. + Ce^^«(e^^W - l)2«"||^,(t)|U.. 
Applying the operator A^, for j G Z, to the equation (Q and using Proposition 12.21 

(11) ||A,^,(t)|U. < Ce-^*2^niAA°IU^ + C re"'=^*"^^'"ll/.(r)||L.^^r 

+ Ce^^W(e^^W-l)2«" f e-'^'^'-^^^'^\\eq{T)\\Lr>dT 

Jo 

Jo 

Integrating this estimate with respect to the time and using Young's inequality 

W^AhiL. < C2-^^/'{{l-e-^^'''y\\A,e'jLr + \\fqhiL.) 
+ Ce^^W(e^^W-l)2(''-^-)"||^,|U.i. 

(12) + C2-^"/'^ / \\[Aq,v\/]e{T)\\L.dT. 

Jo 
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Since the flow ip preserves Lebesgue measure then one writes 

\'j-q\>N \j-q\<N 

:= I + 11. 



To estimate the term I we make appeal to Lemma [6. II 
Therefore we get 

(13) I < C2-^e^(*)2«(^+"/")||eg||ij-iP. 
In order to bound the second term II we use (fT2|) 

II < C(l-e— *2'")^2«^||^^;|U. + C2^^2^^||/,|Ui^. 
+ C2^-e^^W(e^^W - l)2'?(^+"/^)||^^,|U^i. 

(14) + C2^"/'-2«^ II [A„ V ■ V]e{r) Urdr. 

Jo 

Denote Z'g{t) := 2«(^+"/'') II^^HirLP, then we obtain in view of ^ and dHj) 

+ C(2^-e^^W(e^^W - 1) + 2-^e^^W)z;(t) 

+ C'2^°/-2'?'^ f \\[A„vV]0{r)\\LrdT. 
Jo 

We can easily show that there exists two pure constants and Cq such that 

V{t) <Co^ C2-^e'^^W + C2^-e'^^W(e^^W - 1) < -■ 

2 

Thus we obtain under this condition 

Zlit) < C(l-e-^^*2-)i2..||^0||^^^^2'?.||^^||^^^^^ 

(15) + 02"' [ \\[A„vV]9iT)\\Lr>dT. 

Jo 

Summing over q and using Lemma [2. II lead for V{t) < Co, 

ll^ll^,,^.+f < ciie'^h^. + cilfhiB^^^ + c l\\vv{r)u^^^^ 
< c\\ej^. + c||/|Lj^. + cv{tm\^ ^ . 

p,i t p,i t p,i 
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Thus we get in view of the estimate of the case r = oo 



(16) <c^II^°IIb^, + c^II/ILjb=,- 

This gives the result for a short time. 

For an arbitrary positive time T we make a partition (Tj)^Q of the interval [0,T], 
such that / II V dr ^ Cq. Then proceeding for (fT6|) . we obtain 



JTi 

\\9\\ <c||0(r,)||^ +c \\f{T)U dr. 

Applying the triangle inequality gives 

M-l „T 

On the other hand the estimate proven in the case r = oo allows us to write 
ll^ll-^^.,. < CM(||^°b.^ + ll/ILiB^ Je^^(^) + \\fh.^B;y 

Thus the following observation CqM ?a 1 + V{t) completes the proof of the theorem. 

5. Proof of Theorem 11.11 

For the sake of a concise presentation, we shall just provide the a priori estimates 
supporting the claims of the theorem. To achieve the proof one must combine in a 
standard way these estimates with a standard approximation procedure such as the 
following iterative scheme 

dtOr^+l + ■ V9n+1 + \B\"9n+l = 0, 

(^o,^^o) = (0,0). 

5.1. Global existence. It is plain from Theorem 11.21 that to derive global a priori 
estimates it is sufficient to bound globally in time the quantity V{t) := || Vf H^^iloo. 
First, the embedding ^ L°° combined with the fact that Riesz transform maps 
continuously homogeneous Besov space into itself 

(17) < l|Vw|LiBO^^^ < Cll^ll^i^i^^^. 

Combined with Theorem 11.21 this yields 

V{t) < C||e°|Ui-.e^^W. 

oo.l 
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Since the function V depends continuously in time and V{0) = then we can deduce 
that for small initial data V does not blow up, and there exists Ci, r/ > such that 
]0|i . ^ ^ ^ II V7„,ii _ . ^ r< \\aO\ 



(18) WWb'-^ <V^ ||Vt;|Ui(M+;L-) < Ci||^"||^i-.,Vt G 



Let us now show how to derive the a priori estimates. Take s > := 1 + - — a. 
Then combining Theorem 11.21 with flTSl) we get 

ii^ii ^ii^ii < rm\ p''"'''"-L-? 



30 1 



On the other hand we have from Proposition 16.21 

vt GM+, \\e{t)\\L. < ||^°iUp. 

Therefore we get an estimate of 6 in the inhomogeneous Besov space as follows 

ll^llroo ns < C||6'°||bs . 

Using again Theorem 11.21 yields 

ii»iiz~s^, < cm^^f-^'> < cii»»ii,^^^, 

Thus we obtain for p G [l,oc] 

(19) ll^llz°° — C'||^°IU„»- 

For the velocity we have the following result. 
Lemma 5.1. For p g]1,oo] there exists Cp such that 

1 1 1 1 Too RS ^ Cnll II A''' • 

However, for p = 1 we have 

\\v\\ioo + ||f |U;?= Lvi < Cpill^°||i?f Vpi > 1. 

R_(, 1,1 " " '^J- " "1,1 

Proof. Let p g]1, oo[. Then we can write in view of (fT9|) 

< C||^||j^^^^.^^+C||t;|Ug=^^p 
— C'||^^°||b% + C'llf lligo j^p. 
Combining the boundedness of Riesz transform with the maximum principle 

11^ II L^LP < C'pII^^IIlp- 

Thus we obtain 



|'y||7oo RS < C„||^*^||bs . 
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To treat the case p = oo we write according to the embedding ^ ^ L°° and the 
continuity of Riesz transform 

\\A,MmL^<cmt)\\^o ^. 

00,1 

Combining this estimate with fll9l) yields 

II^'IItoo rs — ^11^ II nR" 

" -° 00,1 " "-"oo,!' '"oo,! 

Hence we get for all p g]1, 00] 

(20) ll^llr.- ^ c.we'lUs. 

Let us now move to the case p = 1. Since Bf^ ^ L^^ for all pi > 1 then we get in 
view of Bernstein's inequality and the maximum principle 

II A-I'^'IIlpi < C*pJ|6'°||i;,Pi < C'pJ|6'°||Bj< 

We eventually find that v eL^^Bf^n L^_^Lpk 

□ 

Let us now briefly sketch the proof of the continuity in time, that is ^ G C(M+; Xp). 
We should only treat the finite case of p and similarly one can show the case p = 00. 
From the definition of Besov spaces we have 

\m)-e{t')\\B;^^ < ^2^^||^,(t)-^,(t')||L. + 2 5^2'^1|^JUg^^. 

q<N q>N 

Let e > then we get from (HM the existence of a number such that 

q>N 

Thanks to Taylor's formula 

q<N q<N 

< C|t — t'|2'^||(}t^|| roo RS-l. 

— ' I II I- ll-'^R_|_-«p,l 

To estimate the last term we write 



In one hand we have |D|"0 G -B^ 1" -Bp ^ . On the other hand since the space Bp 
is an algebra (s > p and v is zero divergence then 

iiw- v^llp.-i < ci|i;^i|r. < ci|i;||r. we 



'ft7 RS ^ O RS 
ifp,! — II ll-Op,! — II ll-Op,! I 



\B, 



Thus we get dtO G L'^^Bp^^^ and this allows us to finish the proof of the continuity. 
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5.2. Local existence. The local time existence depends on the control of the quan- 
tity V{t) := II Vw||j;^ij;^oo. In our analysis we distinguish two cases: 
• First case: s > s^. = 1 + - — a. 

We observe first that there exists r > 1 such that 1 + ^ — ^ < s. From (fT7|) and 
according to the said Holder's inequality we have 

< C'^*^ ll^ll fJ-Rl . 

Using Theorem (11.21) we obtain 

V(t)<CtF||eO||.,_^e^^«. 

Thus we conclude that there exists Cq, 77 > such that 



(21) i^ll^°Li-f <V^V{t)<Co, 



and this gives from Theorem 11.21 

(22) II^IUj^b" , + ll^ll .1+^ ^ C\\0^\\b\ ■ 

\ / II II t II II pj-^T p II II pi 



We point out that one can deduce from (|2T1) that the time existence is bounded 
below 

T > ||^°| 



B 

00,1 



• Second case: s = s^ = l + - — a. 

By applying f[T^ to the (QG„) equation with r = 1, p = 00 and s = 1 — a we have 
under the condition V(t) < Co 



The second term of the right-hand side can be estimated from Lemma [?!T] as follows 

Iz^^-fll^llj^^i-f 

£ 00,1 £ oo.L 



5^2^(i-)||[A„.;-V]^|Ui^.o < C||t;||^,^._.||^||,,^,-, 



(23) < CpWl .1 

Notice that we have used in the above inequality the fact that Riesz transform maps 
continuously homogeneous Besov space into itself. Hence we get 

(24) II^IL.B^,<C^E(l--"""")2^^^""^II^Jll-+^ll^llW-- 
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Using again ( |T5l) with r = 2, p = oo and s = 1 — a, we obtain 

ll^llz^B-t < ^ - e-*^'")^2^(^-") +CJ2 2''^'-°^ II [A„ ^ ■ V]e|Li,.. 

* gez <?ez 

Thus ([23D yields 

ll^llz^B-t < - e-^*^'")^2^(^-")||^;iU^ + C^ll^llU-f 



By Lebesgue theorem we have 

hm y (1 - e-^*2-)i29(i-")||^0|| ^ Q_ 



gG2 



Let ?7 be a sufficiently small constant and define 

To := sup {t > 0, 5^(1 - e-*2'")h'^(i-")||0;|Uo. < r^}. 



Then we have under the assumptions t <Tq and V{t) < Co 

<2Cy(l-e-^*2-)i2^(i-°)||^0| 

7 — / ^ \ ' II g I 



Inserting this estimate into ( 1241) gives 



For sufficiently small r/ we obtain V{t) < Cq and this allows us to prove that the 
time To is actually a local time existence. Thus we obtain from Theorem 11.21 

5.3. Uniqueness. We shall give the proof of the uniqueness result which can be 
formulated as follows. There exists at most one solution for the system (QGq,) 
in the functions space Xt := L^B^-^ fl L^_B^ ^ We stress out that the space 
L'^Xp n L;^i?p^°, with p G [1, oo], is continuously embedded in Xt- 
Let 9\i = 1,2 (and the corresponding velocity) be two solutions of the (QGq,) 
equation with the same initial data and belonging to the space Xt- We set 9 = 9^—9"^ 
and V = — f ^, then it is plain that 

dt9 + -^9 + |D|"^ = ~v ■ 9it=o = 0. 
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Applying Theorem 11.21 to this equation gives 

(25) ||^(t)||^o ^ < Ce^"^''^"-J- f\\v. Ve\T)Uo dr. 

oo, 1 7 oo , 1 

•-' 

We will now make use of the following law product and its proof will be given later. 

(26) Wv-Ve'^W^o <C||t;|Uo ll^^lloi . 

oo , 1 oo , 1 oo,l 

Since Riesz transform maps continuously ^ into itself, then we get 

Inserting this estimate into 0251) and using Gronwall's inequality give the wanted 
result. 

Let us now turn to the proof of fl26l) which is based on Bony's decomposition 
vVe'^ =T^Ve'^ + T^e'^v + R{v,Ve'^), with 

T^V^^ = Sq.iv ■ VAqO'^ and R{v, VO^) = ^ A^t; ■ A^+iVO^ 

ie{Ti,o} 

Using the quasi-orthogonality of the paraproduct terms one obtains 



— II IliJ^ill ll«oo,l 

By the same way we get 

||^Ve2^||R0 < \\Sg-lV9^\\Loo\\AgV\\LO 

oc.l f ^ 



< C||V^^||loo||w| 



— II ll±(^ II WB^ 



For the remainder term we write in view of the incompressibility of the velocity and 
the convolution inequality 



||i?(t;,V^^')bo^_^ = 5^||A,i?(t;,V^')|Uo. <C '^'\\KA\LA\Kvfi''\\L^ 

ie{Ti,o} 

< C J2 2^'~'^||Aqt;||Loo2^||Ay+,e2||^^ 



9>J-3 

ie{Ti,o} 



< CIIV^Il-II^^IIro 

oc,l 

< c\\e^\\f,i \\v\\r.o 

This completes the proof of (!26l) . 



on the global solutions of the super-critical 2d q-g equation in besov spaces 

6. Appendix 

The following result is due to Vishik pjj and was used in a crucial way for the proof 
of Theorem 11.21 For the convenience of the reader we will give a short proof based 
on the duality method. 

Lemma 6.1. Let f be a function in Schwartz class and ip a diffeomorphism pre- 
serving Lehesgue measure, then we have for all p G [1, +oo] and for all j, g G Z, 

||A,(A,/o^)IU, <C2-i^'-^|||vv^^(^''')|Uoo||AjiUp, 

with 

q) = sign{j - q). 
We shall begin with the proof of Lemma 16.11 

Proof. We distinguish two cases: j > q and j < q. For the first one we simply use 
Bernstein's inequality 

||A,(A,/ o V;)|U. < 2-^11 vA,(Aj o V;)|U.. 

It suffices now to combine Leibnitz formula again with Bernstein's inequality 

||vA,(AjoV;)|U. < IIVAJIUHIVV^IU- 
< 2''||A,/|U.||VV^IU-. 

This yields to the desired inequality. Let us now move to the second case and use 
the following duality result 

(27) ||A,-(Ajo^)||ip = sup |(Aj(AjoV'),(7)|, with - + - = 1. 

Il9lll,p<l P P 

Let If G C^{R'^) be supported in a ring and taking value 1 on the ring C (see the 

definition of the dyadic decomposition). We set Agf := (f{2^'^D)f. Then we can 

see easily that Agf = A^A^/. Combining this fact with Parseval's identity and the 
preserving measure by the fiow 

I (A, (A J oi,),g)\ = \ {Agf, Ag{{A,g) o ^-1) ) I . 

Therefore we obtain 

\{A,{Agfo^),g)\ < ||Aj|U.||A,((A,(7)o^-l)|U,. 

This implies in view of the first case 

|(A,(Ajo^),^)| < ||Aj|U.2^--^||vrlLoo||A,^7||LP- 

< \\Agf\\Lr2^-^V^p-%..\\g\\LP. 
Thus we get in view of (1271) the wanted result. □ 
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Next we give a maximum principle estimate for the equation (TDa) extending a 
recent result due to [9] for the partial case / = 0. The proof uses the same idea and 
will be briefly described. 

Proposition 6.2. Let v be a smooth divergence free vector field and f be a smooth 
function. We assume that 6 is a smooth solution of the equation 

dt9 + vV9 + /t|D|"^ = /, with k>0 and aE [0, 2]. 

Then for p G [1, +oo] we have 



II^^WIIl.<||^^(o)|U.+ \\f{r)Ur>dT. 





Proof. Let p >2, then multiplying the equation by \6\p^^6 and integrating by parts 
lead to 

-^W^itWrv + f^ I W-^e\DV'edx= I f\e\p~^edx. 

pdt J J 

On the other hand it is shown in [9] that 

\e\p-^e\D\"edx > o. 

Now using Holder's inequality for the right-hand side 

f\er'edx<\\f\\L4drLr'. 

Thus we obtain 

|ll^WIU.< ||/(t)IU.. 

We can deduce the result by integrating in time. The case p G [1, 2[ can be obtained 
through the duality method. □ 

Remark 4. When this paper was finished we had been informed that similar results 
were obtained by Chen et al In fact they obtained global well-posedness result 
for small initial data in -B^^, with p G [2, oo[ and q G [l,C)o[. For the particular 
case q = oo our result is more precise. Indeed, first, we can extend their result to 
p G [1, oo] and second our smallness condition is given in the space B]^i which 

P 

contains Besov spaces {-Bp^i}pe[i,oo]- 
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